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OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW
FERNANDO LLEDO´
Abstract. This article is an informal introduction to some classical results of
the theory of operator algebras. It aims to illustrate the richness and diversity
of possible applications of this topic.
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1. Introduction
The Lluis Santalo´ summer school Aspects of operator algebras and applications
held in Santander in July 2008 addressed various advanced topics in operator alge-
bras including some applications to mathematical physics (cf. [1]). The present
article, which is an extended version of the introductory lecture presented in
Santander, is an informal invitation to this subject, stressing the importance
of operator algebras within mathematics and of its applications to problems in
mathematical physics. We will mention some of the classical results in the theory
of operator algebras that have been crucial for the development of several areas
in mathematics and mathematical physics.
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2 FERNANDO LLEDO´
The development of the theory of operator algebras has been treated in many
excellent textbooks (see, e.g., [62, 63, 64, 5, 10, 20, 19, 60, 6, 8, 13, 16, 15, 32,
59, 49, 23, 69]. See also the notes by Vaughan Jones Von Neumann Algebras
at http://math.berkeley.edu/vfr/. More specific references on particular as-
pects of the theory will be given in the text.
The theory of operator algebras has been one of the most pervasive topics
both in mathematics and mathematical physics and has been at the center of
many fundamental developments in the twentieth century. Von Neumann alge-
bras emerged in the middle of three fundamental developments in mathematics:
the theory of group representations, Hilbert space theory including the study
of continuous linear operators, as well as quantum mechanics and the attempts of
several mathematicians of that time to put the emerging theory on a firm mathe-
matical footing. Some years later von Neumann and Murray laid the foundation
of this field in a series of papers on rings of operators (renamed von Neumann
algebras by J. Dixmier and J. Dieudonne´). Some of the founding papers in this
field are [40, 41, 46, 42, 47, 45] or [65] (see also the second letter on pp. 105 in
[52]).
We will recall here some qualified opinions on this classic series of papers:
“By the wealth and novelty of their techniques and their results, these
wonderful papers are certainly the most profound and most difficult which
von Neumann ever wrote...; they revealed a large number of completely
unsuspected phenomena...” (J. Dieudonne´, 1981)
“...perhaps the most original major work in mathematics in the twentieth
century.” (I.E. Segal, 1996).
It is also worth remembering the original motivations of Murray and von Neu-
mann to start a systematic analysis of von Neumann algebras. As Kadison put
it (cf. [29, pp. 61])
“In his earliest work with operators..., von Neumann recognized the need
for a detailed study of families of operators. Many of the subtler proper-
ties of an operator are to be found only in the internal algebraic structure
of the algebra of polynomials in the operator (and its closures relative to
various operator topologies) or in the action of this algebra on the under-
lying Hilbert space. His interest in ergodic theory, group representations,
and quantum mechanics contributed significantly to von Neumann’s real-
ization that a theory of operator algebras was the next important stage in
the development of this area of mathematics. The dictates of the subject
itself had called for this development.”
It is also illustrative to recall some parts from the introduction to the article
[40]:
“The problems discussed in this paper arose naturally in continuation of
the work begun in a paper of one of us ... Their solution seems to be
essential for the further advance of abstract operator theory in Hilbert
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OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW 3
space under several aspects. First, the formal calculus with operator-
rings leads to them. Second, our attempts to generalize the theory of
unitary group representations essentially beyond their classical frame have
always been blocked by unsolved questions connected with these problems.
Third, various aspects of quantum mechanical formalism suggest strongly
the elucidation of this subject. Fourth, the knowledge obtained in these
investigations gives an approach to abstract algebras without a finite basis,
which seems to differ essentially from all types hitherto investigated.”
These motivations seem to be fully verified and, even more, they still provide
inspiration for present day investigations. Independently of applications, operator
algebras are of great intrinsic interest. They show various interesting aspects of
infinity and present fascinating new phenomena.
2. Operator algebras
We begin with a preliminary definition for C∗-algebras and von Neumann al-
gebras. This definition is concrete in the sense that the elements of the algebra
are given as operators on some complex Hilbert space. One can also introduce
these algebras in an abstract setting, i.e. independent of any concrete Hilbert
space realization (see, e.g., [2, 58]).
2.1. What are operator algebras? By operator algebras we mean subalgebras
of bounded linear operators on a complex Hilbert space H which are closed under
the adjoint operation A→ A∗. We will consider here two main classes depending
on their completeness properties:
• C∗-algebras are operator algebras closed with respect to the uniform topol-
ogy, i.e. the topology defined by the operator norm.
• Von Neumann algebras are operator algebras closed with respect to the
weak operator topology.
This preliminary definition shows clearly its hybrid character. These classes of
operator algebras consist of a rich algebraic structure on which one imposes an-
alytic conditions. This characteristic union of algebra and analysis reappears
in several fundamental theorems. For example, one can interpret the following
statements as a way of having an algebraic characterization of certain analytical
properties or vice versa:
◦ The norm of any element A of a C*-algebra equals the square root of the
spectral radius of the self-adjoint element A∗A, i.e.
‖A‖ =
(
spr (A∗A)
) 1
2
.
This fact already implies that there is at most one norm on a *-algebra
making it a C*-algebra.
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4 FERNANDO LLEDO´
◦ Any *-homomorphism between unital C∗-algebras, pi : A1 → A2, is auto-
matically continuous and
‖pi(A1)‖ ≤ ‖A1‖ , A1 ∈ A1 .
If pi is injective, then it must be necessarily isometric.
◦ Von Neumann’s double commutant theorem says that a nondegenerate *-
subalgebraM of bounded linear operators on a Hilbert space H is weakly
closed iff
M =M′′ ,
where M′′ = (M′)′. (Recall that the commutant M′ of M is the set of
all bounded linear operators on H commuting with every operator inM.)
Example 2.1. The set of compact operators on a Hilbert space H or the set
L(H) of all bounded linear operators on H are examples of C∗-algebras realized
concretely on a Hilbert space (see also [2]). A source of examples of von Neumann
algebras is provided by the fact that the commutant of any self-adjoint set S in
L(H) (i.e. T ∈ S implies T ∗ ∈ S) makes up a von Neumann algebra (see also
Subsection 3.3). This fact is a consequence of the double commutant theorem
mentioned before and the inclusion S ⊂ S ′′. In fact, from the preceding inclusion
it follows immediately that (S ′) = (S ′)′′.
F. Riesz was apparently the first mathematician to work with the algebra
L(H) together with its strong operator topology (cf. [55, Chapitre V] and [14,
Chapter VII, §2 and §5]).
Exercise 2.2. Here is another analytic characterization of an algebraic property:
show that any idempotent P (i.e. P 2 = P ) on the Hilbert space H with ‖P‖ = 1
is self-adjoint, i.e. P ∗ = P . [Hint: Use supx∈H ‖Px‖2 = supx∈P ∗(H) ‖Px‖2 to show
that P ∗(H) ⊆ P (H).] (The reverse implication 0 6= P = P 2 = P ∗ ⇒ ‖P‖ = 1 is
easy to show.)
2.2. Differences and analogies between C*- and von Neumann algebras.
Although, strictly speaking, any von Neumann algebra is a C*-algebra (since any
von Neumann algebra is also closed with respect to the finer operator norm topol-
ogy) it is useful to separate clearly between these two classes of operator algebras.
Von Neumann algebras were introduced (as rings of operators) in 1929 by von
Neumann in his second paper on spectral theory [43]. Gelfand and Naimark in-
troduced twelve years later the notion of a C*-algebra in their seminal article [24]
(see also [19]). Many useful interactions between these two classes of operator
algebras can be found in [11].
The following commutative prototypes illustrate the different nature of both
classes of operator algebras (see,e.g., Theorems 2.14 and 3.3 in [2] for precise
statements):
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OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW 5
• The space C0(X) of the continuous functions over a locally compact Haus-
dorff space X which vanish at infinity is an Abelian C*-algebra with com-
plex conjugation as involution and norm given by
‖f‖ := sup
x∈X
|f(x)| .
• The space L∞(Z, dµ) of essentially bounded and measurable functions for
some σ-finite measure space (Z, dµ) may be identified with an Abelian
von Neumann algebra. The elements of L∞(Z, dµ) are understood as
multiplication operators on the complex Hilbert space H = L2(Z, dµ).
The measure space (Z, dµ) is essentially [0, 1] with the Lebesgue measure
dµ or some countable discrete space.
The fact that any von Neumann algebra is, in particular, a C*-algebra trans-
lates in the commutative context to the following result: any commutative von
Neumann algebra A is isomorphic to the algebra C(X) of continuous functions
over an extremely disconnected compact Hausdorff space X. (Recall, that ex-
tremely disconnected means that the closure of each open set in X is open (as
well as closed). In particular, this implies that X is totally disconnected, i.e. each
pair of points can be separated by sets which are both open and closed.)
Exercise 2.3. Show that the Abelian algebraA = L∞(Z, dµ) ⊂ L(H) with (Z, dµ)
a σ-finite measure space is maximal Abelian, i.e. A = A′. (Hint: Show maximal
abelianess first in the case where Z is a finite measure space, i.e. µ(Z) <∞ and
then extend the argument to the σ-finite situation; recall that the measure space
is σ-finite if Z can be decomposed into a countable, disjoint union of subsets with
finite measure.) In [37] we will give a very short proof of the equation A = A′
using Modular Theory.
From the preceding Abelian prototypes one can also recognize the following
important general properties of von Neumann algebras which are not necessarily
true in the context of C∗-algebras.
◦ Von Neumann algebras have many projections (even more, they can be
generated out of the set of projections) and always have an identity. In the
Abelian case mentioned above, the projections are given by multiplication
with characteristic functions of measurable sets. In contrast to these
facts, if X is a Hausdorff locally compact but not compact space, then
the identity function is not contained in C0(X). If, in addition, X is
connected, then C0(X) has no nontrivial projections.
◦ Von Neumann algebras can be more easily classified. In fact, von Neu-
mann and his collaborator Murray already described a reduction theory
for von Neumann algebras to factors (i.e. von Neumann algebrasM hav-
ing a trivial center: M′ ∩ M = C1) and gave a (rough) classification
of factors into types I, II and III. With the help of an essentially unique
dimension function on (equivalence classes of) projections, one can refine
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6 FERNANDO LLEDO´
this classification of factors into type In, n ∈ N ∪ {∞}, II1 and II∞. The
factors of type In, n ∈ N and type II1 are called finite (cf. [2]). The finer
classification of type III factors into type III0, IIIλ, 0 < λ < 1, and III1
came much later and used deep results in Modular Theory (see, e.g., [63,
Chapter XII], [37]).
◦ The set of continuous functions C([0, 1]) is separable w.r.t. the supremum
norm, while L∞(0, 1) is not. This fact motivates that in the theory of von
Neumann algebras, other topologies than the uniform topology defined
by the operator norm, are needed.
Exercise 2.4. Consider the complex Hilbert space H = L2(0, 1). Show that the
space of all bounded linear operators L(H) is not separable w.r.t. the topology
defined by the operator norm. [Hint: Consider the set of projections given by
multiplication with characteristic functions associated with the intervals [0, λ],
with 0 ≤ λ ≤ 1.]
3. Different ways to think about operator algebras
In the present section we will present three useful ways one may look at operator
algebras.
3.1. Operator algebras as non-commutative spaces. There are structure
theorems stated in [2] saying that, essentially, the prototypes mentioned in Sub-
section 2.2 (
C0(X), ‖ · ‖
)
and L∞(Z, dµ)
are the only possible commutative examples of C*- and von Neumann algebras,
respectively. In the context of commutative C∗-algebras it is also possible to
recapture the topological space X from the algebraic structure of the set of con-
tinuous functions on X decaying at infinity. It is therefore reasonable to think
of non-commutative C∗-algebras as the non-commutative counterpart of topolog-
ical spaces. In the same way non-commutative von Neumann algebras can be
associated with non-commutative measure spaces. The correspondence
space ←→ algebraic structure
opens, in the non-commutative setting, a wide and difficult field of current
research that includes advanced topics like non-commutative geometry, non-
commutative Lp-spaces or quantum groups (see, for example, [12, 25, 51, 33]).
3.2. Operator algebras as a natural universe for operator theory. In the
present subsection we will motivate that operator algebras are a natural universe
for studying properties of a single operator. In fact, the following proposition
shows that the fundamental constituents in which one may decompose a single
operator are contained in any von Neumann algebra containing this element.
In other words, von Neumann algebras are stable under natural operations per-
formed with its elements.
C
R
M
P
re
p
ri
nt
S
er
ie
s
nu
m
b
er
10
60
OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW 7
Proposition 3.1. Let M⊂ L(H) be a von Neumann algebra and M ∈M.
(i) If M = V |M | is the unique polar decomposition, then V ∈ M 3 |M |.
(Recall that |M | := (M∗M) 12 is a positive operator and that V is a partial
isometry satisfying kerV = kerM).
(ii) If M = M∗ and M =
∫
λdEM(λ) is the corresponding unique spectral
decomposition of the self-adjoint operator, then for the set of spectral pro-
jections we have
{EM(B) | B ⊂ R , Borel } ⊂ M .
(iii) If M = M∗ and f ∈ C([−‖M‖, ‖M‖]), then f(M) is in any C*-algebra
containing M . In particular, f(M) ∈M.
The precedent proposition implies that any von Neumann algebra is generated
as a norm closed subspace by the set of the spectral projections corresponding to
its self-adjoint elements.
Exercise 3.2. Let f ∈ C([0, 1]) ⊂ L∞(0, 1). What is the polar decomposition
of f? Note that, in general, the corresponding partial isometry is contained in
L∞(0, 1) but not in C([0, 1]).
3.3. Von Neumann algebras as symmetry algebras. Kadison suggests in
[30, § 2] that von Neumann algebras grew initially out of the early period of
group representations. In particular, Schur’s characterization of irreducible rep-
resentations in terms of commutants, Peter-Weyl’s theory of compact groups as
well as Wedderburn’s structural results for matrix algebras were a motivational
background in the systematic study of von Neumann algebras.
As already stated before, commutants of an arbitrary self-adjoint set of
bounded operators in a Hilbert space, provide a rich source of examples of von
Neumann algebras. In particular, if U is a unitary representation of a group G
on a complex Hilbert space H, then the intertwiner space of the representation
(U,U) := {Ug | g ∈ G}′ ⊂ L(H)
is a von Neumann algebra. Even more, any von Neumann algebra N arises as
the commutant of the representations of a certain group. (Take the group of all
unitaries in N ′.) Therefore, von Neumann algebras may be seen as symmetry
algebras of unitary group representations on a Hilbert space. This fact partially
explains why these structures have been useful in many branches of mathematics
and theoretical physics. The previous observation also shows that the unitary
representation theory of groups is deeply related to the theory of operator alge-
bras. For more details about this interrelation we refer to Remark 3.13 in [2] or
standard references as [38, Chapter 1] and [16, Part II].
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4. Some classical results
In the present section we recall some classical applications of operator algebras
in mathematics and mathematical physics.
4.1. Operator algebras in functional analysis. The classical results pre-
sented in this subsection use crucially the structure theorems for Abelian C*-
and von Neumann algebras stated in Subsection 2.2.
4.1.1. Spectral theorem. An immediate success of operatoralgebraic methods in
functional analysis was the proof of the spectral theorem for bounded as well as
unbounded normal operators on a Hilbert space (cf. [43]). The spectral theorem
is a generalization of the elementary result that any normal linear operator on
Cn is unitary equivalent to a diagonal matrix. It can be stated in many ways
(see, e.g., [54] or [48, §17.4])). One of them says that any normal operator is
equivalent to a multiplication operator. In applications the spectral theorem is
often stated in terms of the spectral resolution E(·) of a self-adjoint operator.
(Recall that the orthogonal projections {E(λ)}λ∈R satisfy the usual properties of
monotonicity, right continuity and completeness.) For additional comments and
results concerning the spectral theorem see [21, §9] and references therein.
Theorem 4.1. For any self-adjoint operator T on a complex Hilbert space H
there is a unique spectral resolution ET (·) such that
T =
∫
sp (T )
λ dET (λ) .
Here, sp (T ) denotes the spectrum of the operator T and the right-hand integral
is a Riemann-Stieltjes integral.
4.1.2. Decomposable operators. In the analysis of finite operators (e.g. finite di-
mensional representations of a group) their decomposition into a direct sum of
more fundamental pieces is an important step. As was seen in the preceding
subsection the notion of a direct sum is too narrow to deal with more general op-
erators on infinite dimensional spaces. In this situation it is still possible to give
a “continuous” decomposition using so-called direct integrals, a technique that
uses the theory of von Neumann algebras. A direct integral is a generalization of
the concept of direct sum and may be applied to spaces as well as to operators.
For measure-theoretic details of direct integrals of Hilbert spaces and operators
see, e.g., [31, Chapter 14],[62, 16, 15].
Let (Z, dµ) be a suitable measure space. Denote by H :=
∫ ⊕
Z
H(z) dz the
direct integral of the family of separable Hilbert spaces {H(z)}z∈Z indexed by
points in Z and with the corresponding measurability and convergence restric-
tions. It can be shown that H is again a separable Hilbert space. An operator
T ∈ L(H) is decomposable with respect to ∫ ⊕
Z
H(z) dz if there is a function
Z 3 z → T (z) ∈ L(H(z)) such that for each x ∈ H we have T (z)x(z) = (Tx)(z)
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OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW 9
for almost every z ∈ Z. In particular, if T (z) = f(z)1H(z) for some measurable
scalar function f we say that T is diagonalizable. We denote the set of decom-
posable (resp. diagonalizable) operators by R (resp. D). The following result
characterizes the set of decomposable operators in terms of commutants.
Theorem 4.2. The set of decomposable operators R coincides with the commu-
tant of the set of diagonalizable operators, i.e.
R = D′ .
Direct integrals allowed von Neumann to reduce the classification of von Neu-
mann algebras on separable Hilbert spaces to the classification of so-called factors
(i.e. von Neumann algebras whose centers consist of scalar multiples of the iden-
tity operator). In fact, any von NeumannM can be decomposed with respect to
its center as direct integral
M =
∫ ⊕
Z
M(z) dz ,
where M(z), z ∈ Z, are factors a.e.
4.1.3. Unbounded operators. Many interesting operators in applications like,
e.g., Schro¨dinger operators, are unbounded. Even if operator algebras involve
only bounded operators, many families of unbounded operators are also closely
related to operator algebras. Let T be a closed unbounded operator. We say that
T onH is affiliated to a von Neumann algebraM⊂ L(H) if UTU−1 = T for every
unitary U ∈ M′. In this context we have the following natural characterization:
if T = V · |T | is the corresponding polar decomposition of the closed operator,
then T is affiliated toM iff V ∈M ⊃ {E|T |(B) | B ⊂ R+ , Borel }. Moreover, it
can be shown that an (unbounded) operator is normal on a Hilbert space H iff
it is affiliated to an Abelian von Neumann algebra A (cf. [32, Theorem 5.6.18]).
A symmetric operator affiliated with a finite factor is automatically self-adjoint.
Remark 4.3. In particular Type II1 von Neumann algebras were privileged by
von Neumann, because the unbounded operators affiliated with them allow ele-
mentary algebraic manipulations. In fact, quoting his 1954 address to the Inter-
national Congress of Mathematicians: “...one can show that any finite number
of them, in fact any countable number of them, are simultaneously defined on
an everywhere dense set; one can prove that one can indulge in operations like
adding and multiplying operators and one never gets into any difficulty whatever.
The whole symbolic calculus goes through.” (see, e.g., [53]).
4.2. Operator algebras in harmonic analysis. We apply here the techniques
of direct integral decomposition to the theory of unitary group representations.
Let G be a separable locally compact group and let U be a continuous unitary
representation of G on a Hilbert space H. Denote by
M := {Ug | g ∈ G}′′
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the von Neumann algebra generated by the representation U and let
M′ = (U,U) := {M ′ ∈ B(H) |M ′ Ug = UgM ′ , g ∈ G}
be the von Neumann algebra of intertwining operators for the representation U .
If A is an Abelian von Neumann subalgebra ofM′, then there exists a compact,
separable Hausdorff space Z, a regular Borel measure dµ on Z and a unitary
transformation onto a direct integral Hilbert space
F : H −→
∫ ⊕
Z
H(z) dz ,
such that
F AF−1 = {Mf | f ∈ L∞(Z, dµ)}
(Mf being the multiplication operator with f) and
F Ug F
−1 =
∫ ⊕
Z
Ug(z) dz
(see [68, Section 14.8 ff.]). There are several natural choices for the Abelian von
Neumann algebra A:
(i) If A =M∩M′ is the center ofM, then, for a.e. z ∈ Z, the von Neumann
algebra generated by the representations V (z) are factors, i.e.
M(z) ∩M(z)′ := {Ug(z) | g ∈ G}′′ ∩ {Ug(z) | g ∈ G}′ = C1H(z) .
This choice is due to von Neumann.
(ii) If A is maximal Abelian in M′, i.e. A = A′ ∩M′, then the components
U(z) of the direct integral decomposition of U are irreducible a.e. This
choice is due to Mautner.
Finally, we mention a class of groups, where the previous decomposition results
become particularly simple. A group G is of type I if all its unitary continuous
representations U are of type I, i.e. each U is quasi-equivalent to some multiplicity
free representation. Compact or Abelian groups are examples of type I groups. If
G is of type I, then the dual Ĝ (i.e. the set of all equivalence classes of continuous
unitary irreducible representations of G) becomes a nice measure space (“smooth”
in the terminology of [38, Chapter 2]). In this case one can take Ĝ as the measure
space Z in the Mautner decomposition mentioned in the preceding item (ii).
4.3. Operator algebras in quantum physics. The publication of the seminal
books of Weyl, Wigner and van der Waerden (cf. [70, 71, 67]) in the late twenties
show that quantum mechanics was using group theoretical methods almost from
its birth. A nice summary of this circle of ideas can be found in [3]. Moreover, it
is suggested by Ulam in [66, pp. 22-23] that the spectral theorem and functional
calculus are as fundamental to quantum mechanics, as infinitesimal calculus is for
classical mechanics. Therefore, operatoralgebraic methods are indirectly present
in quantum physics through the representation theory of groups and functional
C
R
M
P
re
p
ri
nt
S
er
ie
s
nu
m
b
er
10
60
OPERATOR ALGEBRAS: AN INFORMAL OVERVIEW 11
analysis. A direct application of operatoralgebraic methods in the first years of
quantum theory was von Neumann’s rigorous proof of the mathematical equiva-
lence of the two main competing formalisms at that time: the wave mechanics of
Schro¨dinger and the matrix mechanics of Born, Heisenberg and Jordan (see [44]
or the review article [61]; for a thorough historical account on the equivalence
problem see [39]).
Remark 4.4. A brief historical introduction to the relation between the represen-
tation theory of groups and quantum mechanics is given in [36, Section 1]. In this
paper the author also proposes K-theory for operator algebras as a new synthesis
of these topics.
4.3.1. The C∗-algebras of the canonical commutation/anticommutation relations.
There are two useful examples of C∗-algebras that one can associate with systems
of point particles in quantum mechanics. For fermionic and bosonic models the
generators of these algebras are labeled by elements in an the even-dimensional
Hilbert space H with scalar product 〈·, ·〉. In certain cases the reference space H
may be interpreted as the phase space of the quantum system.
• The CAR-algebra is the C*-algebra that is associated to the canonical
anticommutation relations. It is generated by operators a(ϕ), ϕ ∈ H,
satisfying
a(ϕ1)a(ϕ2)
∗ + a(ϕ2)∗a(ϕ1) = 〈ϕ1, ϕ2〉 1 .
(More details on this algebra are given in [37, Appendix] and references
cited therein.)
• The CCR-algebra is the C*-algebra that is associated to the canonical
commutation relations. It is generated by Weyl elements Wϕ, ϕ ∈ H,
satisfying the Weyl form of the canonical commutation relations
Wϕ ·Wψ = e− i2 Im 〈ϕ,ψ〉Wϕ+ψ , ϕ, ψ ∈ H (Weyl relation) .
Exercise 4.5. Position and momentum operators in quantum mechanics:
Let P and Q be linear operators in a Hilbert space H which satisfy the following
commutation relations:
QP − PQ = i1 (with the convention ~ = 1) .
(i) Show that the dimension of H can not be finite. (Hint: Use the following
identity of the trace Tr (AB) = Tr (BA).)
(ii) Show that P and Q can not be both bounded operators (Hint: Show the
following relation by induction: QnP − PQn = i nQn−1, n ∈ N.)
Remark 4.6. The previous exercise suggests that the canonical commutation re-
lations must be modified in order to express them in the context of C∗-algebras.
Typically one uses bounded functions of the operators P and Q. In fact, the
Weyl relations of are an “exponentiated” version of the canonical commutation
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relations (see, e.g., [9, 50]). Another possibility is to use resolvents in order to
encode the canonical commutation relations (cf. [7]).
The preceding CAR- and CCR-algebras can also be used to model fermionic
and bosonic quantum systems, in particular to describe free quantum fields. In
this case the reference space H becomes infinite dimensional and this introduces
important differences in the representation theory of these algebras.
4.3.2. Local Quantum Physics. In quantum mechanics there are two fundamen-
tal notions: observables and states (see, e.g., [35, Part I]). One of the conceptual
advantages of C∗-algebras in the description of the quantum world is the neat
distinction between the abstract algebra and its state space or the correspond-
ing representations on a concrete Hilbert space. This point of view particularly
pays off in Quantum Field Theory, where there is an abundance of inequivalent
representations (cf. [22]). In fact, Haag and Kastler proposed in the sixties an
approach to Quantum Field Theory using the language of operator algebras. In
this context the observables become the primary objects of the theory and are
described by elements in an abstract C*-algebra. This approach is called nowa-
days Algebraic Quantum Field Theory or Local Quantum Physics. The central
notion here is a net of local C∗-algebras indexed by open and bounded regions in
Minkowski space, i.e. an assignment
R4 ⊃ Θ 7→ A(Θ) ,
that satisfies certain natural properties called Haag-Kastler axioms. The ele-
ments of A(Θ) are interpreted as physical operations performable within the
spacetime region Θ. This approach puts the concept of locality in the middle of
synthesis of quantum mechanics and special relativity. In particular, the axiom
of causality is expressed in this context in the following natural way: if Θ1 and
Θ2 are space-like separated regions in Minkowski space, then A(Θ1) commutes
elementwise with A(Θ2) (see [28, 27, 4, 34] for further details). One of central
claims in this approach is that the physical content of a Quantum Field The-
ory is completely determined in terms of the algebraic and geometric relations
between its local observables. Non-local aspects in Quantum Field Theory like
the notion of the vacuum, S-matrix etc. are related to the states. Local Quan-
tum Physics complements other modern developments in relativistic Quantum
Field Theory and is particularly powerful in the analysis of structural questions
as well as for the rigorous treatment of models. Algebraic Quantum Field The-
ory has been very successfully applied in superselection theory, the theory that
studies three characteristic aspects of elementary particle physics: composition
of charges, classification of statistics and charge conjugation (cf. [17, 18, 56, 57]).
Further details, developments and references related to this approach to quantum
field theory can be found in http://www.lpq.uni-goettingen.de.
Remark 4.7. There are two articles concerned with some applications of Modular
Theory to Quantum Field Theory in [1]. These articles are complementary in
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the sense that they refer to modular objects related to fermionic and bosonic
quantum fields respectively (see [37, 26] and references therein).
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